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Abstract

We present a new force constants approach that combines experimental and theoretical data to constrain the reduced parti-
tion function ratio (f-factor) of tetrahedrally coordinated silicon ('VSi) in the crust and upper mantle minerals. Our approach
extends the experiment-based general moment approach, which relies on nuclear resonant scattering and is only applicable to
Mossbauer-active elements, to Mossbauer-inactive elements such as Si. We determine the resilience of /¥ Si from the Debye—
Waller factor, which is derived from the temperature dependence of single crystal X-ray diffraction data, and calculate the
stiffness of /V'Si from the density-functional theory results. The relationship between the resilience the stiffness is calibrated,
and we have used an experimentally measurable parameter, the effective coordination number of the SiO, tetrahedron, to
correct the stiffness. The correction is most pronounced for pyroxenes (~ 2%). The corrected stiffness is used to calculate
the equilibrium isotope fractionation g-factor of each mineral, and the a-factors is calculated by taking the ratio of f-factors
of different minerals. We calculate the Inag; /. between minerals that contains SiO, tetrahedra, and our results are consist-
ent with DFT calculations and mass spectrometry results. Our results suggest that the Si isotopic equilibrium temperature
between cristobalite and pyroxene in lunar basalt was underestimated by ~250 °C, and the pyroxene sample in IL-14 marble
is in equilibrium with f-quartz.

Keywords Silicon - Isotope fractionation - Crystallography - X-ray diffraction

Introduction raw materials that are most likely to have formed the earth

(Georg et al. 2007; Shahar et al. 2009; Zambardi et al. 2013;

Compared to primitive chondrites, the earth has unique fin-
gerprints on its silicon isotope compositions (Georg et al.
2007; Shahar et al. 2009; Zambardi et al. 2013; Dauphas
et al. 2015; Bourdon et al. 2018). Geochemistry studies
have suggested that terrestrial samples are slightly enriched
in the heavier isotope 308j relative to the chondrites, the
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Dauphas et al. 2015). The enrichment of 3°Si in the terres-
trial samples provides constraints to many geochemical
questions, including whether the earth’s accretion material is
chondritic (Fitoussi et al. 2009; Fitoussi and Bourdon 2012;
Zambardi et al. 2013; Dauphas et al. 2015), whether there is
an isotopically-light and hidden reservoir in the deep earth
(Javoy et al. 2010; Huang et al. 2014; Georg et al. 2007; Sha-
har et al. 2009; Bourdon et al. 2018), and how much material
was evaporated during the accretion of the earth and/or the
moon-forming impact (Zambardi et al. 2013; Hin et al. 2017,
Norris and Wood 2017).

The reduced partition function ratio (also known as the
p-factor) is the key parameter to study the silicon isotope
fractionation (Urey 1947; Bigeleisen and Mayer 1947; Pol-
yakov and Mineev 2000; Polyakov 2009; Dauphas et al.
2012). The p-factor is defined as the equilibrium isotope
fractionation factor between a compound and an ideal
monoatomic gaseous reference (Urey 1947; Bigeleisen and
Mayer 1947). Though the f-factor is not obtainable from
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mass spectroscopy, it is directly related to the equilibrium
fractionation factor between two phases (the a-factor), which
is experimentally measurable through mass spectrometry.
The a-factor between two phases is calculated by taking the
ratio of their respective f-factors (Méheut et al. 2007, 2009;
Huang et al. 2014; Wu et al. 2015). Once the f-factor of
each phase is accurately determined, one may calculate the
isotope fractionation between different mineral phases at
different P-T conditions (Méheut et al. 2007, 2009; Huang
et al. 2014; Wu et al. 2015).

Several studies have been carried out to constrain the
-factors of silicon in minerals, and the majority of recent
studies takes advantages of theoretical density-functional
theory (DFT) calculations (e.g., Méheut et al. 2007, 2009;
Schauble 2011; Méheut and Schauble 2014; Huang et al.
2014; Wu et al. 2015; Qin et al. 2016). DFT calculations
of f-factors use the ground-state harmonic vibrational fre-
quencies and the changes in phonon frequencies by isotopic
substitution to calculate f-factor from the Bigeleisen—Mayer
equation, and the calculated isotope fractionation matches
mass spectrometry results reasonably well (Méheut et al.
2007, 2009; Schauble 2011; Méheut and Schauble 2014;
Huang et al. 2014; Wu et al. 2015; Qin et al. 2016). On the
other hand, DFT calculation has its own limitations. In DFT
calculation, f-factors depend on the exchange-correlation
energy functional (Méheut and Schauble 2014; Wu et al.
2015). A reliable calculation on the fractionation a-fac-
tor between minerals requires calculating the f-factors of
both minerals with the same exchange-correlation energy
(Méheut and Schauble 2014), which can be difficult for min-
erals with complex compositions and structures. Meanwhile,
the calculations of the vibrational frequency are based on
harmonic approximation at 0 K (Méheut et al. 2007, 2009;
Méheut and Schauble 2014; Huang et al. 2014; Wu et al.
2015; Qin et al. 2016), and their accuracy under planetary
conditions requires experimental validations. For example,
one recent DFT calculation has not satisfactorily capture
the temperature dependence of the Si isotope fractionation
between silica and pyroxene (Méheut et al. 2009).

Compared to DFT calculations, experimental approach
to determine the f-factors has its own advantages. Experi-
mental approach does not require the quantum ground state
approximation and the selection of exchange-correlation
energy functionals, and can be carried out at the conditions
of planetary interiors. Several studies used published vibra-
tional spectra (e.g., Raman, infrared and rotational—vibra-
tional spectroscopy) and force-field modeling to calculate
the f-factor of O, Fe, Cl and Cr in different compounds,
so as to constrain the equilibrium isotope fractionation
(Kieffer 1982; Gillet et al. 1996; Polyakov 1998; Schauble
et al. 2001, 2003, 2004). Recent experimental determina-
tion of the f-factor focuses on select Mossbauer-active ele-
ments like Fe, Sn, Eu and Kr (Polyakov and Mineev 2000;
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Polyakov 2009; Dauphas et al. 2012, 2018). One can either
use the second order Doppler shift (Polyakov and Mineev
2000) or the Lamb—Modssbauer factor (Zhang et al. 2021)
of the Mossbauer spectra, or use the partial phonon density
of states (pDOS) derived from the nuclear resonant inelas-
tic X-ray scattering (NRIXS) to determine the f-factors of
Mossbauer-active elements in minerals (the general moment
approach, Polyakov et al. 2005, 2007; Polyakov 2009; Dau-
phas et al. 2012, 2018). On the other hand, no experimental
investigations on the f-factors of Si in minerals have been
carried out thus far.

A derivative of the general moment approach is capa-
ble of calculating the f-factor from the atomic force con-
stant (Polyakov et al. 2005; Dauphas et al. 2012). If one can
determine the atomic force constant of Mdssbauer-inactive
elements (e.g., Si), it is possible to calculate isotope frac-
tionation f-factors. One way to determine the atomic force
constant of Mossbauer-inactive elements is to measure the
atomic thermal vibrations in the crystal lattice through single
crystal X-ray diffraction. Though X-ray diffraction is hardly
sensitive to isotopic effects (Seiler et al. 1984), it proves
an effective way to constrain the atomic vibrations in the
crystals (Parak and Knapp 1984; Dunitz et al. 1988; True-
blood et al. 1996), whose temperature derivative is directly
linked to the atomic force constant (Zaccai 2000; Leu and
Sage 2016). In X-ray crystallography, the Debye—Waller
factor is the parameter that describes the average atomic
displacement around its equilibrium position (Trueblood
et al. 1996). Though the Debye—Waller factor is influenced
by factors including atomic thermal vibrations, chemical
substitutions and local crystalline environment, in the scope
of interest to this paper (tetrahedrally coordinated silicon in
mantle silicates), the effect of thermal vibration dominates
the temperature dependence of the Debye—Waller factor. It
is possible to calculate the atomic force constants of Si from
the temperature dependence of the Debye—Waller factors
through an experiment-based calibration.

Our research is primarily motivated by two issues emerg-
ing from pure DFT calculations: I) DFT calculations have
suggested that the SiO, polyhedral distortion influences
the Si isotope fractionation (Méheut and Schauble 2014;
Qin et al. 2016), but the effect of polyhedral distortion is
controlled by many variables while outliers exist (Méheut
and Schauble 2014; Qin et al. 2016). We intend to find one
crystallographic parameter to quantify the effect of polyhe-
dral distortion. II) Though the DFT calculations have been
successful in resolving the Si isotope fractionation between
olivine, albite and pyroxenes, the DFT calculation results
that involve silica (SiO, polymorph) are not very consist-
ent with mass spectroscopy measurements (Douthitt 1982;
Georg 2006; Méheut et al. 2009), and we will examine
whether crystal structures affects the isotope fractionation
of Si in silica.
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In this report, we present an experiment-based calibration
of the f-factors of tetrahedrally coordinated silicon (hereaf-
ter referred to as VSi) in silicate minerals. We first review
published general moment approach to determine the f-fac-
tor from atomic vibrations and atomic force constants, which
are typically measured by NRIXS technique for Mossbauer-
active elements. Next, we compile our new experimental and
theoretical data together with published data to establish an
empirical relationship between the force constants measured
from diffraction and used in general moment approach, so
that we can apply the force constant measured from dif-
fraction to calculate the f-factor. We then describe the SiO,
polyhedral distortion with one crystallographic parameter
and use the parameter to correct the f-factor. We also com-
pare the isotope fractionation Inag;s g between common
minerals measured by mass spectroscopy and determined
from our calibration, and discuss the effect of different silica
polymorphs. Finally, we discuss the application scope of our
calibration and why it is only limited to /VSi.

Determination of 3-factor from the atomic
force constant

The isotope fractionation f-factor was first introduced by
Bigeleisen and Mayer (1947) and Urey (1947) to study the
isotope exchange reactions between different phases. Polya-
kov et al. (2005) and Dauphas et al. (2012) have proven that,
under quasiharmonic approximation, when the maximum
phonon energy of pDOS E, . < 2zkgT (kjy is the Boltz-
mann constant), the f-factor can be expanded into a series
of the moments of the pDOS (named as the general moment
approach):
M m m mg )

Infyyy. = (o =1 - *
Biyi ( M )(Skzngz 480k;45,T4 2016OI<}?;T6

(1)
where M and M* are the atomic masses of isotopes [/ and [*,
and the m? is the ith moment of the pDOS D(E), which is
defined as:

mf = /0 ooE’D(E)dE. 2)

Atomic force constant ({(N)) is the physical quantity that
describes the restoring force that exerts on an atom when
the atom is displaced from its equilibrium position in a solid
(Leu and Sage 2016). (N) is the microscopic counterpart of
the macroscopic force constant in Hooke’s law. There are
two types of (), namely the stiffness and the resilience (Leu
and Sage 2016). Stiffness (N;) (Hu et al. 2013; Leu and Sage
2016) is defined as:

N, = / M(%)zD(E)dE, 3)

where M is the mass of the atom, E is the phonon energy and
D(E) is the pDOS. N, determines the response of an atom
to an applied force with all other atoms fixed at their equi-
librium positions (Leu and Sage 2016). N, is more sensitive
to the high frequency region of the phonon spectrum, and
it primarily probes the nearest-neighbor interactions (Leu
and Sage 2016).

The other type of (N) is the resilience (N,), which
describes the temperature dependence of the mean square
displacement of the atom (Zaccai 2000). N, is defined as:

N =8
T d(u2) /AT @

where (u?) is the atomic mean square displacement and T is

the temperature. At high temperatures where % is suffi-
B

ciently small over the whole range of phonon spectrum, N,
is approximated by the following equation (Hu et al. 2013):

M
" [EDENE )

N, determines the response of an atom to an applied force
with the surrounding atoms free to respond and the center of
mass fixed (Leu and Sage 2016). Compared to N, N, is sen-
sitive to the low frequency region of the phonon spectrum
(Hu et al. 2013; Leu and Sage 2016).

Based on Eqgs. 3 and 5, the N, and N, are related through
the pDOS (D(E)). Though the phonon spectrum can be
measured experimentally though inelastic X-ray/neutron
scattering, in most cases, the measurements on the pDOS
of Mdéssbauer inactive elements are too complicated to be
practically carried out. Therefore, many researchers use
simplified physical models to describe the phonon spec-
trum in solids. Those physical models usually have only
a few key parameters that are directly linked to physical
measurements. The Debye model is the most commonly
used model to describe the phonon density of states in
minerals (Leu and Sage 2016; Zhang et al. 2021). The
phonon spectrum in the Debye model has the following
formula:

3E?

—_— <

D(E) = (kgOp)? (E< kBgD)’ 6)
0 (E> kylp),

where the parameter 6, is the material-specific Debye tem-
perature (Singwi and Sjolander 1960; Leu and Sage 2016).
If the pDOS of the element of interest follows the Debye
model, we have (Leu and Sage 2016):
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N, = ZN.,.
i =N 7

Under the assumption that the pDOS follows the Debye
model, so that mf is explicitly expressed as a function of N,
(Dauphas et al. 2018), Eq. 1 is further reduced to a polyno-
mial series of N

RN,  sp N XA )

mg = = - &4 == 5
& (8k§ T2 2016kiM T*  326592k5M> T°

®)

(57— 2.

Constrain the atomic force constant
from X-ray diffraction

Debye-Waller factor and atomic vibrations

In 1913, Peter Debye found that the thermal vibration of
atoms in solids would influence the intensity of X-ray dif-
fraction signal (Debye 1913). Debye’s finding later led to
the Debye—Waller factor, which is defined as (Trueblood
et al. 1996):

T(h) = / p(wexp(2zih - w)d’u, ©)

where h is the diffraction vector obeying the diffraction con-
dition, p(u) is the probability density function of the atom
displaced by the vector u from its equilibrium position in the
unit cell. If one assumes that: (I) the static atomic electron
density has spherical symmetry, and (II) the probability den-
sity function of the atomic displacement is Gaussian, Eq. 9
transforms to (Trueblood et al. 1996; Kuhs 2013):

T(h) = ¢ 27 ((vu)) (10

If one further assumes that the atomic displacement is iso-
tropic, Eq. 10 then simplifies to (Trueblood et al. 1996; Kuhs
2013):

T(lhl) — e—2ﬂ2(u2)(sin29)/ﬂz’ (1 ])

where (%) is the atomic mean-square displacement, @ is
the diffraction angle, and A is the wavelength of the X-ray.
The Debye—Waller factor is an experimental measurable
quantity and is proportional to I/%f?, where T is the aver-
aged peak intensity and Xf? is the sum of atomic scattering
factors (Brown et al. 2006; Coppens 2010). The isotropic
Debye—Waller factor 7'(|h|) is a function of both # and 1. To
remove the dependence on 6 and A, crystallographers pre-
fers the temperature B-factor to describe the atomic thermal
vibrations. The B-factor is calculated by fitting the slope
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of In(I/Zf?) as a function of squared resolution (sin*6/A%)
(Wilson 1949). The relationship between B-factor and (u?)
is defined by the following equation (Trueblood et al. 1996):
2 B

(u?) = =R (12)
The Debye—Waller factor is very similar to the Lamb—-Madss-
bauer factor (f;,,) that is commonly measured by conven-
tional Mossbauer spectroscopy or nuclear resonant scatter-
ing (Sturhahn and Chumakov 1999; Hu et al. 2013). f;,,
is defined as the recoilless fraction of the total Mossbauer
absorption spectrum (Sturhahn and Chumakov 1999), and
it is related to (u?) through the following equation (Hu et al.
2013):

fim = exp(—=k*(u?)), (13)

where k is the wavenumber of the Mdssbauer resonant X-ray
photon. T'(Jh|) is very similar and closely related to f;,,, but
they are intrinsically different. f;,, is related to the photon
interaction with nuclei, and has a slow scattering time scale
(usually in the order of 10-100 ns); whereas 7'(|h|) comes
from electronic charge scattering of photon which is a nearly
instantaneous process (Sturhahn and Chumakov 1999).

Difference and relationship between resiliences
measured by different techniques

Based on the discussions in Sects. “Determination of f-fac-
tor from the atomic force constant” and “Debye—Waller fac-
tor and atomic vibrations”, there are at least two methods to
constrain the resilience of an isotope in minerals:

1. First determine (u?) as a function of temperature from
the Debye—Waller factor derived from X-ray diffraction,
and then calculate the resilience using Eq. 4 (hereafter
referred as the N,p);

2. First determine the pDOS (D(E)) using theoretical cal-
culation or nuclear resonant inelastic X-ray scattering (if
the isotope is M0Ossbauer active), and then calculate the
resilience from Eq. 5. Equivalently, for Mdssbauer active
isotopes, one can measure the temperature dependence
of f;,,, calculate (%) as a function of temperature using
Eq. 13, and then calculate the resilience from Eq. 4 (Hu
et al. (2013), hereafter referred as the N,,,).

N, and N, are different physical quantities. N, reflects the
temperature dependence of the mean-square displacement of
electron density in the material (referred to as (ug)), whereas
N, reflects the temperature dependence of the mean-square
displacement of nuclei in the material (referred to as (ui))
(Parak et al. 1988; Dunitz et al. 1988). (ui) directly reflects
the behavior of the phonon spectrum, because the majority of
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the atomic mass is contributed by the nuclei, and the vibra-
tional frequency of the phonon depends on the atomic mass.
On the other hand, the atomic electron cloud is not rigid, and
the electron density could be distorted during thermal vibra-
tion (Dunitz et al. 1988) (Fig. 1C). As a result, (ug) is different
from (uﬁ ), and doesn’t directly reflect the phonon behavior. It is
necessary to calibrate N, against N,,, if one would like to use
N, p, to study vibrational behavior in the sample. Besides, (uz)
has a static component compared to (uﬁ) (Parak and Knapp
1984), but this static component is temperature-independent
(Parak et al. 1987; Nakatsuka et al. 2011) and does not con-
tribute to the determination of N, ,.

To our knowledge, no study has quantified the relationship
between N, and N,,, across different materials, so an a priori
model is needed to establish such a relationship. We assume
that the temperature dependence of (ui) and the temperature
dependence of (ui) has a linear relationship:

d(ui) _x d(u?)

A 14
T ar (14

where B’ and A’ are fitting coefficients. Considering the fact
that several recent studies on isotope fractionation prefer to
use stiffness from pDOS (referred to as N,) to calculate the
p-factor, we would like to involve N, into our calculation.
If we further assume that the pDOS follows quasiharmonic
Debye model so that Eq. 7 is valid, then from Eqs. 14 and
7 we get:

P = Np 54 5B’

= =—XN,p+—
M Ny kg P 9

=AXN,,+B, (15)

where A (= 5A’ /9%g, A’ comes from Eq. 14) and B (= 5B’ /9,
B’ comes from Eq. 14) are fitting coefficients. Eq. 15 sug-
gests that the ratio between N, and N, (hereafter referred

A DO

¢ -0 OGO OO-0-0-8-6-

Fig. 1 Illustration demonstrating the difference between (u?) and (u?).
Red dot: nuclei; cyan circle: electron cloud; black dashed line: equi-
librium position. Static disorder is neglected in this illustration. A
No thermal vibration. All atoms are fixed at equilibrium position. B
Rigid atoms. Electron cloud moves simultaneously with nuclei during
thermal vibration, and in this case (u?) = (u?). C Real atoms. Elec-
tron cloud moves and distorts during thermal vibration, and in this
case (u?) # (u?)

to as C:_ﬁ) is a linear function of N,;. Equation 15 requires
our a priori model between N, and N,,, (Eq. 14), and its
validity will be examined against experimental data in
“Calibration of the resilience—stiffness relationship in /'Si”
section.

Single crystal X-ray diffraction experiments

While compiling N, from published single crystal diffrac-
tion data, we have noticed that X-ray diffraction data on
orthoenstatite (Mg, Si, Og4) and a-quartz (SiO,) are sparse
compared to other common minerals (Table 3). To improve
the statistics of N,;, measurement, we have taken single crys-
tal X-ray diffraction on synthetic orthoenstatite and synthetic
a-quartz crystals. Fragments of orthoenstatite and a-quartz
crystals with a size of ~ 80 X 80x150 x m* were mounted
into a fused silica capillary with 100 ym inner diameter.
High temperature single crystal X-ray diffraction experi-
ments were carried out at the experimental station 13-BM-C
of the Advanced Photon Source, Argonne National Labora-
tory (Zhang et al. 2017). The X-ray beam was monochro-
mated with a silicon 311 crystal to a wavelength of 0.434
A, with 1 eV bandwidth. A Kirkpatrick—Baez mirror system
was used to obtain a vertical X horizontal focus spot size of
18 yum X 12 ym measured at full width-half maximum. A
Pilatus3 1M photon counting area detector with 1 mm silicon
sensor (Dectris) was placed about 190 mm away from the
sample, and LaB¢ powder was used to calibrate the distance
and tilting of the detector. The sample was placed at the
rotation center of the diffractometer, and was aligned with an
optical microscope. In each measurement, the sample rotated
along the ¢-axis of the diffractometer. The ¢-rotation cov-
ered a range of 340°, and was segmented into 340 images.
The exposure time of each images was 0.5 s. The sample
temperature was controlled by helium flow heated with a
tungsten heater up to 600 K, and a K-type thermal couple
was placed near the sample to read the temperature. With
an automatic temperature feedback loop, the fluctuation of
temperature during each measurement was smaller than 1
K. The maximum deviation between the temperature deter-
mined by the thermal couple and the temperature determined
from the published thermal expansion coefficient of orthoen-
statite and a-quartz is 2% (Kihara 1990; Jackson et al. 2003).
All measurements were carried out at 1 bar pressure.

The diffraction images were analyzed using the APEX3
software (Bruker). Diffraction peaks were harvested from
the images with APEX3 software, and changes in the sam-
ple illuminated volume and the absorption effects were
corrected using the SADABS software. Corrected peak
intensities were used to refine the crystal structures with
SHELXL software, facilitated by Olex2 general user inter-
face (Dolomanov et al. 2009; Sheldrick 2008). We used
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isotropic Debye—Waller factor for all ions in the refinement,
and all structural sites were assumed to be fully occupied
by Mg”*, Si*" or O?~ ions. Refinements with anisotropic
Debye—Waller factor of Si** were tested (Watkin 2008), and
the anisotropic refinement gave the same equivalent isotropic
Debye—Waller factor of Si*' as isotropic refinement within
the experimental error, so we report Debye—Waller factors
of Si** from isotropic refinement in this paper. Within our
investigated temperature range, the orthoenstatite crystal
maintained the orthorhombic Pbca space group, while the a
-quartz crystal maintained the trigonal P3,21 space group.
Unit cell parameters, fractional atomic positions, and (u*) of
each atom in a-quartz and orthoenstatite measured at differ-
ent temperatures are listed in Tables 1 and 2, respectively.
The (u?) of Si** of orthoenstatite and a-quartz are illustrated
in Fig. 2.

0.045{ © a-quartz
® Enstatite

0.040 -

0.035 -

0.030

<u?> (A2)

0.025

0.020

0.015 -

0.010

300 350 400 450 500 550 600
Temperature (K)

Fig.2 (uf) of silicon in a-quartz (red symbols) and orthoenstatite
(blue symbols) measured at different temperatures from the single
crystal X-ray diffraction of this study. Straight lines are the linear
regressions of the measured data. Shaded regions indicate the 1-¢
confidence interval of the linear regression. The slope of the linear
regression is used to calculate the N,.D using Eq. 4

Density functional theory calculation

To benchmark the N, that we derived from published S
-factors, we have carried out density functional theory cal-
culation to calculate the Si partial phonon DOS in orthoen-
statite and a-quartz. Energy and nuclei forces are evaluated
with Perdew—Burke—Ernzerhof (PBE) exchange-correlation
functional (Perdew et al. 1996). The calculations were per-
formed by Quantum ESPRESSO (Giannozzi et al. 2009,
2017) with plane wave basis and Projector-augmented wave
(PAW) (Blochl 1994) pseudopotentials from Pslibrary
(Corso 2014). The kinetic energy cutoff for wavefunctions
was set to 50 Ry while the kinetic energy cutoff for charge
density was et to 360 Ry for both systems. Structure and unit
cell parameters were optmized before phonon calculation
for both systems.

The pDOS was calculated by Phonopy package (Togo
and Tanaka 2015) (Fig. 3). The crystal structures of orthoen-
statite and a-quartz at ambient P-T condition determined
from single crystal X-ray diffraction was used as input.
Force constants were evaluated with finite finite displace-
ment approaches with atomic displacement distance 0.01 A.
2 x 2 x 2 supercell of the unit cell was used for quartz and
1 x 1 x 2 supercell of the unit cell was used for for orthoen-
statite. A 2 X 2 X 2 k-point sampling was used in all supercell
calculations of quartz while al X 2 X 2 k-point sampling was
used in all supercell calculations of orthoenstatite. The size
of supercell and the number of k points were tested to ensure
convergence.

Calibration of the resilience-stiffness relationship
. IV .
in""Si

We determined the N,;, and N, of different polymorphs
of SiO, silica, albite, olivine, diopside, orthoenstatite and
pyrope garnet with existing single crystal diffraction data

Table 1 Unit cell parameters,

fractional atomic position, and T (If) 295 450 500 350 600
(12) of each atom in a-quartz a &) 4.9136(7) 4.9275(7) 4.9322(7) 4.9374(6) 4.9444(6)
determined by single crystal c &) 5.403(1) 5.411(1) 5.415(1) 5.419(1) 5.422(1)
diffraction in this study Volume (AA?) 112.98(6) 113.77(6) 114.07(6) 114.40(5) 114.79(5)
Si X 0.4698(4) 0.4721(3) 0.5272(4) 0.4738(4) 0.5252(4)
y 1 1 1 1 1
z 0.6667 0.6667 0.6667 0.6667 0.6667
() (AA2) 0.021(2) 0.033(2) 0.036(2) 0.038(2) 0.043(2)
0 X 0.1461(8) 0.1511(8) 0.2614(9) 0.155(1) 0.258(1)
y 0.7331(7) 0.7368(8) 0.8471(9) 0.740(1) 0.842(1)
z 0.5472(6) 0.5437(6) 0.4572(6) 0.5412(7) 0.4604(8)
(u?) (AA2) 0.032(3) 0.058(3) 0.065(3) 0.071(4) 0.081(4)

a-quartz has a trigonal crystal structure (lattice parameter a = b,a = f# = 90°,y = 120°)
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Table2 Unit cell
fab @2 Unit cell parameters, T (K) 294 400 450 500 550 600
ractional atomic position N
and (i) of each atom in a &) 18250(2)  18.267(2)  18275(2)  18.280(2)  18.289(2)  18.298(2)
orthoenstatite determined by b A) 8.8244(9)  8.8380(9)  8.8441(9)  8.850(1) 8.8564(9)  8.8628(9)
Siﬂﬁle crystal diffraction in this c A) 51862(5)  5.1924(5)  5.1953(5)  5.1979(5)  5.2013(5)  5.2044(5)
Stcy Volume (AA%)  8352(2) 838.3(2) 839.7(2) 840.9(2) 842.5(2) 844.0(2)
Mgl X 0.37580(4)  0.37572(4)  0.37574(5)  0.37573(5)  0.37564(5)  0.37562(6)
y 0.65387(8)  0.65361(9)  0.6535(1)  0.6533(1)  0.6531(1)  0.653(1)
z 0.8658(1)  0.8669(2)  0.8675(2)  0.8682(2)  0.8688(2)  0.8694(2)
() (AA?)  0.013809) 001989  0.0237(9) 002679  0.029409)  0.0339(9)
Mg2 X 0.37685(4)  0.37678(5)  0.37683(5)  0.37682(5)  0.37673(5)  0.37677(6)
y 0.48663(9) 0.4867(1)  0.4867(1)  0.4868(1)  0.4868(1)  0.4868(1)
z 0.3588(1)  0.3600(2)  0.3606(2)  036132)  0.36192)  0.3627(2)
() (AAZ)  00198(9)  0.027909)  0.03309)  0.0372(9)  0.040509)  0.0462(9)
SiA X 027165@&) 027167(4)  0271654) 0271654)  0.27166(4)  0.27170(5)
y 034160(7)  0.34147(7)  034137(8)  0.34131(8)  0.34126(8)  0.34125(9)
z 0.0501(1)  0.0507(1)  0.0512(1)  0.0516(1)  0.0519(1)  0.0523(1)
() (AAZ)  001059)  001509)  0.01839)  0.021009)  0.022809)  0.0258(9)
SiB X 047363(3) 047378(4) 0473794)  0.47390(4)  0.47396(4)  0.47403(5)
y 0.33748(6)  0.33750(7)  0.33754(7)  0.33754(8)  0.33757(8)  0.33760(9)
z 0.7984(1)  0.7977(1)  0.7975(1)  0.7972(1)  0.7967(1)  0.7963(2)
() (AAZ) 001089  0.01509) 001839  0.021009)  0.022809)  0.0258(9)
Ol1A X 0.18354(9)  0.1837(1)  0.1837(1)  0.1839(1)  0.1839(1)  0.184(1)
y 03401(2)  034002)  03401(2)  033992)  0.3401(2)  0.3400(2)
z 0.0356(3)  0.0369(3)  0.0373(3)  0.0381(3)  0.0391(3)  0.0397(4)
(u?) (AA%)  0.017(1) 0.023(1) 0.027(2) 0.031(2) 0.032(2) 0.036(2)
O1B X 0.31088(8)  0.31092(9)  0.31098(9) 0.3110(1)  03110(1)  0.3110(1)
y 0.50222)  0.502(2) 0.5016(2)  0.5016(2)  0.5013(2)  0.5009(3)
z 0.0434(3)  0.0448(3)  0.0456(3)  0.0464(3)  0.04703)  0.0477(4)
() (AAY)  0.019(1) 0.026(1) 0.030(2) 0.034(2) 0.038(2) 0.042(2)
02A X 0.30313(8)  0.30314(9)  0.3030(1)  0.3031(1)  0.3030(1)  0.3030(1)
y 02233(2)  02237(2)  02241(2)  022452)  0.22452)  0.2249(3)
z 0.8312(3)  0.83133)  0.83153)  0.83153)  0.83153)  0.8318(4)
() (AAY)  0.018(1) 0.024(1) 0.028(2) 0.032(2) 0.034(2) 0.040(2)
02B X 0.56224(9)  0.5622(1)  0.5623(1)  0.5622(1)  0.5622(1)  0.5624(1)
y 0.3402(2)  03403(2)  0.3404(2)  03406(2)  0.3405(2)  0.3406(2)
z 0.8002(3)  0.7995(3)  0.7991(3)  0.7987(3)  0.7981(3)  0.7978(4)
() (AAY)  0.017(1) 0.022(1) 0.026(2) 0.029(2) 0.032(2) 0.035(2)
03A X 0.43280(8) 0.43279(9)  0.4329(1)  0.4329(1)  0.4328(1)  0.4329(1)
y 0.4828(2)  0.4828(2)  0.4828(2)  0.4828(2)  0.4827(2)  0.4830(2)
z 0.6896(3)  0.6902(3)  0.6903(3)  0.6906(3)  0.69104)  0.6911(4)
() (AAY)  0.020(1) 0.027(1) 0.031(1) 0.035(2) 0.038(2) 0.042(2)
03B X 0.44760(9)  0.44769(9)  0.4477(1)  0.4478(1)  0.448(1) 0.448(1)
y 0.1955(2)  0.1965(2)  0.1969(2)  0.19722)  0.1976(2)  0.1980(2)
z 0.6037(3)  0.60203)  0.6016(3)  0.6006(3)  0.6001(3)  0.5993(4)
() (AAY)  0.018(1) 0.025(1) 0.028(1) 0.032(2) 0.034(2) 0.038(2)

Orthoenstatite has a orthorhombic crystal structure (lattice parameter a = f =y = 90°)

and theoretical DFT calculations published in the past 48
years (Table 3). The N, is fitted from the temperature

dependence of (u?) using Eq. 4. Most theoretical studies
did not directly report the N, of each mineral, and instead,

@ Springer
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Fig.3 The pDOS of 'VSi in select minerals. a) orthoenstatite (this
study); b) a-quartz (this study); c) cristobalite (digitized from
Wehinger et al. (2015))

the authors usually expanded the temperature dependence
of the Inp of each element as a polynomial function of x =
10%/T2. Since the Ing is well approximated as a function of
temperature by Eq. 8 (Dauphas et al. 2018), the N, of /' Si
of each mineral is fitted from the temperature dependence
of Inf. As different studies use different polynomials of x
to expand Ing, for the sake of consistency, only the linear
term is used to fit the N,,. Minerals like orthoenstatite and
albite have more than one /Y Si sites due to crystal sym-
metry. The N, of each V' Si site is calculated individually
from the temperature dependence of the Debye—Waller
factor of each site, and the N, of the mineral is reported
as the arithmetic average of the N,ps of all 7V Si sites.

We explored the relationship between N,,, and C:ﬁ in
light of Eq. 15, and found that they follow a very good
linear trend (R? = 0.9992). The a priori model (Eq. 14)
used to construct Eq. 15 seems justified for /Si. Our best-
fit model gives the coefficient A = 1.63(6) X 1073 m/N, and
B = —5.20(2) x 1073 (Fig. 4). By combining Eqs. 8 and 15,

@ Springer

one can calculate the N, of ?V'Si from the N,,, and then
calculate the Inf; g factor for each mineral at different
temperatures from the N;,. We name our approach to cal-
culate the Infig;3 5 factor as the force constants approach,
as the two force constants (resilience N, and stiffness
N,,,) are the key parameters that link the crystallographic
Debye—Waller factor to the isotope fractionation f-factor.

Determination of the uncertainty

The aggregate error of the averaged force constants (N,
and N,,) is determined by two components: the first com-
ponent is the error of each individual force constant meas-
urement (which indicates the precision of each measure-
ment), and the second component is the scattering of force
constant values from different measurements. Given the
condition that each measurement of the force constant on
a specific mineral is independent to each other, the aggre-
gate error of the averaged force constant on the specific
mineral is determined by the pooled variance of all meas-
urements using the following equation (O’Neill 2014):

M
o \/Zi=1(Ni2+"zzv,.) ~ (VN (16)
N M M2 ’

where N, is the force constant (N, or N,) from each indi-
vidual measurement, oy, is the error of each individual force
constant measurement, M is the total number of force con-
stant measurements for the specific mineral, and oy, is the
aggregate error of the averaged force constant. Once the
error of the average resilience (o) ) and the error of the
average stiffness (anM) are determined from Eq. 16, the error
of Csrzx[/)z is determined from the error propagation formula:

O-N sM )2
rD sM

A7)

The uncertainty of the C‘:ﬁ calibration is evaluated by the
prediction interval of Eq. 15 (Fig. 4). The errors of N, and
C;ﬁ have the feature that the scattering of data from different
studies is larger than the precision of each individual meas-
urement (Table 3), which leads to the issue that in Fig. 4,
data point that is better covered by previous studies (e.g.,
olivine) have an error bar that is larger than data point that
is less covered by previous studies. So the small error bar
in certain points in Fig. 4 does not necessarily indicate that
the uncertainties of these minerals are small, but an indica-
tion that their sample coverage is poor. The error bar of oli-
vine, which is the best-sampled mineral by previous studies,
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Table3 N,,and N, of Vsi Mineral N, (N/m) N, (N/m)
calculated from published data
and this study Olivine 35(2) Smyth and Hazen (1973) 652.6  Méheut and Schauble (2014)
42(3) Hazen (1976) 645.2 Huang et al. (2014)
35.4(9) Bo10, Heinemann et al. (2006) 715.5 Wu et al. (2015)
29(3) Bo2, Heinemann et al. (2006) 738.7 Qin et al. (2016)
38(1) Heinemann et al. (2007)
Orthoenstatite” 31(3) Yang and Ghose (1995) 645.9 Méheut and Schauble (2014)
28(2) This study 667.8 Huang et al. (2014)
731.6 Qin et al. (2016)
687.3 This study®
Diopside 32(2) Cameron et al. (1973) 649.6 Huang et al. (2014)
723.1 Qin et al. (2016)
a—quartz 17.6(5) Kihara (1990) 688.4 Méheut and Schauble (2014)
20(2) This study 776.3 Qin et al. (2016)
708.0 This study®
Albite? 22.5(4) Prewitt et al. (1976) 682.5 Méheut and Schauble (2014)
22.8(8) Winter et al. (1977) 771.8 Qin et al. (2016)
Pyrope 58(4) Meagher (1975) 634.6 Méheut and Schauble (2014)
54.2(6) Pavese et al. (1995) 661.0 Huang et al. (2014)
55.4(6) Nakatsuka et al. (2011)
Cristobalite 13.5(3) Peacor (1973) 791.5 Wehinger et al. (2015)¢
f—quartz 28(3) Kihara (1990) - -

“4: average of SiA and SiB sites.

Eq.3
® Data
0.101 —— Linear regression
0.08
0% 0.06
Q
0.04
0.02
R? = 0.9992
10 20 30 40 50 60
Nrp, (N/m)

Fig.4 Best linear regression of the resilience—stiffness ratio C’D

a function of the resilience N, (Eq. 15) for 'Si in crust and man-
tle minerals. Red shaded region indicate the uncertainty of the linear
regression constrained by Eq. 18. R? of the linear regression is 0.9992

should be representative of this method. Given a determined
N,p, the uncertainty of the corresponding C;Z is defined by

the prediction interval of the linear regression Eq. 15:

b: average of all tetrahedral sites.

¢: stiffness calculated from pDOS using

b= N>
1+1+ Wip — Nipy)

n i= 1( NrDi)2

\/Z, 1(C’D — AN, — B)?
SY =

dC = ty_oSy

(18)

s

where dC;[DW is the prediction interval of the calibration
curve (Eq. 15), C™ ‘and N, are the C'D and N, for the ith
mineral, N,p,; is the mean res111ence of all minerals covered
by this study, M is the total number of minerals, #;,_, is a
coefficient related to the Student’s ¢ distribution on M — 2
degrees of freedom and the confidence level. In our case,
we choose a t),_, that makes the dqﬁ of olivine same as
its error bar, because olivine has the best sample coverage.
Among the silicates investigated in this study, the range of
dC'D is around 0.0075 (Fig. 4). This dC") value is used
to estimate the uncertainty in isotope fractionation « factor
between minerals in the following section.

@ Springer
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Discussion
Correction of N, based on crystal distortion

The size and shape of SiO, tetrahedron within the min-
eral has a strong effect on the Si isotope fractionation. It is
already known that the SiO, tetrahedral volume and the aver-
age Si—O bond length play a primary role in the Si isotope
fractionation (Méheut and Schauble 2014; Qin et al. 2016),
as the SiO, tetrahedral volume and Si—O bond length deter-
mine the Si—O bond strength and hence influences the force
constant (Leu and Sage 2016). Schauble (2004) suggests that
silicates with shorter Si—O bonds in general show heavier
silicon isotopic compositions, because shorter Si—O bonds
are expected to be stronger. Linear relationships between the
isotope fractionation f-factor and the SiO, tetrahedral vol-
ume/average Si—O bond length hold in general (Méheut and
Schauble 2014; Qin et al. 2016), while outliers exist. Méheut
and Schauble (2014) find that in phyllosilicates, Si—O bonds
that are perpendicular to the tetrahedra layers (Si-O, ) have a
negative correlation with Si—O bonds that are parallel to the
tetrahedra layers (Si-O)). Méheut and Schauble (2014) also
suggests that the phyllosilicate with a shorter Si-O, bond
length tends to have a longer average Si-O bond length, and
hence a weaker Si—O bond strength. Qin et al. (2016) dem-
onstrates a correlation between the Si isotopic fractionation
and the average Si—O bond length and the SiO, tetrahedral
volume, with an obvious outlier of zircon. In the case of
zircon, Qin et al. (2016) indicates that the repulsion between
the Zr** and Si** leads to the large distortion of the SiO,, tet-
rahedra, and further lead to the deviation of zircon from the
relationship between Si isotopic fractionation and Si—O bond
length/Si10, tetrahedral volume established in other silicates.
Besides the first order effect on the Si isotopic fractionation
from the SiO, tetrahedral volume/average Si—O bond length,
secondary effect from SiO, tetrahedral distortions should
also be considered.

A crystallographic parameter named the effective coordi-
nation number (ECoN) is a good parameter to characterize
the polyhedral distortions within the mineral crystal (Hoppe
1979). ECoN is defined from the following equations
(Hoppe 1979; Hoppe et al. 1989; Momma and Izumi 2011):

[

ECoN = Zexp[] - (Z)j

% hexplt = G/ (4
. Zi E)Cp[l - (lt/lmm)6] ’
where [; is the ith bond length of the polyhedron, /,,,, is the

smallest bond length in the polyhedron, and [, is a weighted
average bond length. ECoN is a geometric parameter and
depends on the shape of the polyhedron of interest, and
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Table 4 ECoN of SiO, tetrahedron in each mineral

Mineral ECoN Reference

Olivine 3.9903 Smyth and Hazen (1973)
3.9906 Hazen (1976)
3.9917 Bo10, Heinemann et al. (2006)
3.9902 Bo2, Heinemann et al. (2006)
3.9902 Heinemann et al. (2007)

Enstatite” 3.9500 Yang and Ghose (1995)
3.9251 This study

Diopside 3.8936 Cameron et al. (1973)

a—quartz 3.9991 Kihara (1990)
3.9997 This study

Albite” 3.9963 Prewitt et al. (1976)
3.9860 Winter et al. (1977)

Pyrope 4 Symmetry©

Cristobalite 3.9998 Peacor (1973)

f—quartz 4 Symmetry©

@ Average of SiA and SiB sites. » Average of all tetrahedral sites.
ECoN is fixed to 4 due to the constraints of crystal symmetry

reflects the deviation of the effective charge of the central
cation in the polyhedron from the formal charge (Hoppe
et al. 1989; Nespolo et al. 1999). For SiO, tetrahedron, the
relationship between ECoN, the effective charge and the real
charge of the Si** central cation is as follows (Hoppe et al.
1989; Momma and Izumi 2011):

Effective charge ~ ECoN
Real charge 4

(20)

The ECoN of SiO, tetrahedron in each mineral is listed in
Table 4. The bond strength is expected to be proportional
to the oxidation state of the central cation in the tetrahedron
(Pauling 1929). Though all the ?Si cations in the silicate
minerals explored by this study have an nominal oxidation
state of +4, their effective oxidation state is proportional
to the ECoN of VSi (Eq. 20), so their bond strength is also
proportional to ECoN. In our model, we correct the stiff-
ness that is used to calculate the isotope fractionation (Ny,.)
from the stiffness calculated from Eq. 15 (N,,) with the
following equation:
ECoN

NS‘MC = NX‘M X 4 . (21)

The correction based on ECoN has a strong effect on
pyroxenes such as orthoenstatite and diopside, which have
smaller ECoN than other minerals explored in this study
(Table 4). Without the correction, Eq. 15 would overestimate
the N, by ~ 2% (about 14 N/m) in pyroxene. The correc-
tion is important in determining the Si isotope fractionation
between pyroxenes and other minerals.
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Comparison with mass spectrometry studies
and DFT calculations

Mass spectrometry experiments provide the a-factor between
two phases, which is the ratio between their corresponding
p-factors. In many papers, the f-factor is calculated in its
logarithmic form (Ing), and then the corresponding a-factor
in logarithmic form is calculated with the following equa-
tion: Ina,_g = Inf, — Inpfp. In our force constants approach,
we calculate the Inag; »g between minerals A and B using
the following protocol. First, we calculate the averaged N,
of minerals A and B from the temperature dependence of the
Debye—Waller factor of 'V'Si from all available diffraction

Temperature (K)

studies (Table 3). Then, the C” ﬁ is calculated from the aver-
aged N, using Eq. 15, and N, is calculated from N, and
Czﬁ using Eq. 15. The N, is then corrected with the ECoN
of the SiO, tetrahedron using Eq. 21. Finally, the corrected
Ny 18 used to calculate the isotope fractionation Infig;s g
at various temperatures using Eq. 8, and the Inf; ,5 of
mineral A is subtracted with the Inf; 54 of mineral B to
get the Inag;, »5 between A and B. The uncertainty of the
Inag;5 55 is estimated from the averaged uncertainty of C;Al?l
(£0.0075).

Savage et al. (2011) measured the Si isotope composi-
tion of coexisting olivine, clinopyroxene and plagioclase

Temperature (K)
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Fig.5 Calculated Inag;/,5 between silicate minerals, compared to
mass spectrometry measurements. Red curves: results from the force
constants approach. Red shaded region indicates the uncertainty
of the isotope fractionation from this study. Blue and green curves:
results from DFT calculations. Symbols: results from mass spectrom-
etry. A Albite—olivine system. Al: albite. Ol: olivine. B Albite—pyrox-

ene system. Di: diopside. En: orthoenstatite. C Olivine—pyroxene
system. D Silica—pyroxene system. Qz: quartz. Cr: cristobalite. For
the sake of clarity, only the uncertainty of Ina between orthoenstatite
and a-quartz is showed, and the other systems have uncertainties of
similar magnitude. Blue shaded region: stability field of cristobalite.
Green shaded region: stability field of f-quartz
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separates from Skaergaard layered intrusion samples at
different depths. The equilibrium temperatures of the lay-
ered intrusion samples were estimated to be 1340-1453 K
based on the plagioclase compositions (Morse et al. 1980;
Méheut and Schauble 2014). We compared the Inag;/24
from our method with results from mass spectrometry and
DFT calculations. In the albite—olivine system (Fig. SA),
our result is consistent with mass spectrometry measure-
ments on Skaergaard mineral separates (Savage et al.
2011), and slightly higher than DFT calculations (Méheut
and Schauble 2014; Qin et al. 2016). Similar situation
occurs to albite—pyroxene system (Fig. 5B), where our
result is slightly higher than DFT calculations (Méheut
and Schauble 2014; Qin et al. 2016), while slightly lower
than mass spectrometry measurements (Savage et al.
2011), and the uncertainties of different methods overlap.

For olivine—pyroxene system (Fig. 5C), Georg et al.
(2007) measured the isotopic composition of two olivine-
diopside pairs in Cameroon Line spinel-lherzolite mantle
xenoliths. Though Georg et al. (2007) did not estimate the
equilibrium temperature of the sample, Nkouandou and
Temdjim (2011) estimated the equilibrium temperature for
spinel lherzolite xenoliths from Ngao Volgar volcano, one
of the Cameroon Line volcanos, to be ~900 °C. Combin-
ing the mass spectrometry results from Georg et al. (2007)
and Savage et al. (2011), at ~1000 °C, there is a very small
silicon isotope fractionation effect between olivine and
pyroxene (Inag;30/25 or—py & 0.08%0). Our method gives a
Inag;5) o5 that is compatible with the DFT calculations and
mass spectrometry measurements (Georg et al. 2007; Sav-
age et al. 2011; Méheut and Schauble 2014; Qin et al. 2016).
Our results confirms conclusions from previous studies that
heavy silicon isotope prefers olivine over pyroxene, though
the Ina;5 5 1s very close to O over the temperature range of
geological interest.

A more interesting case is the silica—pyroxene system
(Fig. 5D). Douthitt (1982) estimated the equilibrium Si
isotope fractionation between lunar cristobalite and clino-
pyroxene as Inag;g 55 ¢,—py = 0.52 & 0.3%o0 at an estimated
equilibrium temperature of 1150 °C. The Inag; o5 was
determined based on previous gas source mass spectrometry
results (Epstein and Taylor 1970, 1971, 1972, 1973; Taylor
and Epstein 1973), and the equilibrium temperature was
estimated based on the oxygen isotope fractionation (Dou-
thitt 1982). The estimated Inag;s g value is higher than the
results from DFT calculations between a-quartz and pyrox-
enes (Méheut et al. 2009; Méheut and Schauble 2014; Qin
et al. 2016), though the errors overlap. Our calculation sug-
gests that the Infg;3 g Of cristobalite is much larger than the
Inf;50,25 Of a-quartz, and the high Inag; ,5 value between
lunar cristobalite and clinopyroxene should come from the
high g-factor of cristobalite. If we assume the equilibrium
Inag;5 05 between lunar cristobalite and lunar pyroxene is
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0.52%o, based on our isotope fractionation curve (Fig. 5D,
dotted curve), the calculated equilibrium temperature
is 1400 °C, 250 °C higher than the estimation by Douthitt
(1982). We note here that the stability field of cristobalite
(1470-1705 °C, Heaney et al. (1994)) is higher than the esti-
mated cristobalite-pyroxene equilibrium temperature (1150
°C, Douthitt (1982)), and it is possible that Douthitt (1982)
underestimated the Si isotopic equilibrium temperature of
lunar basalts. On the other hand, Georg (2006) measured
silicon isotopic fractionation between quartz and diopside
(Inag;30/28 g;—pi = 0.18 £ 0.04%0) on a quartz-diopside mar-
ble of metamorphic origin (IL-14), whose equilibrium tem-
perature is estimated as 730 °C (Valley and O’Neil 1984).
The fractionation value of 0.18 + 0.04%o is much smaller
than the calculated silicon isotope fractionation between «
-quartz and pyroxene (Méheut et al. 2009). Méheut et al.
(2009) concludes that the quartz—pyroxene samples in the
IL-14 marble are not in equilibrium. Our calculation sug-
gests that the Inag; 05 between f-quartz and pyroxene is
smaller than the Inag; , between a-quartz and pyroxene.
Since the temperature of 730 °C is in the stability field of
-quartz (573-870 °C, Heaney et al. (1994)), it is likely that
the pyroxene sample in IL-14 marble is in equilibrium with
p-quartz.

Application scope of the force constants approach

In this section, we would like to discuss the application
scope of the force constants approach to constrain the iso-
tope fractionation. As has been demonstrated in earlier sec-
tions, the calibration of C;Z (Eq. 15) is based on the force
constants of /VSi in SiO, tetrahedron in silicate minerals, so
one cannot use this calibration to study minerals that contain
six-coordinated Si in SiOg octahedron (*'Si, e.g., bridgman-
ite, stishovite, and the six-coordinated Si in majorite). Nor
can one use this calibration to determine the f-factor of sili-
con in iron-silicon alloys. The C’% for Si and Si in metal
alloys needs to be calibrated in the future.

We explored the C;Z—N,D relationship of Fe, Mg and
O in silicate minerals (Fig. 6). These elements also show
trends with a positive slope between the C;ﬁ ratio and the
resilience, yet the scattering of the data is significantly
larger. The large scattering of C’}) for "Mg, "'Fe (Fig. 6A,
B) and O (Fig. 6C) has different origins. Y"Fe and VMg
usually share the octahedral sites in crust and mantle sili-
cates. Since Fe>* and Mg”* have very different number of
electrons (24 vs. 10), the value of Debye—Waller factor
of "Fe and ""Mg is strongly correlated with the Fe-Mg
occupancy in the octahedral site (Trueblood et al. 1996).
At high temperatures, Fe>* and Mg?* cations diffuse and
partition between different octahedral sites (Wang et al.
2005; Heinemann et al. 2007), and the partition coeffi-
cient (Kp) is a function of temperature. So at different
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Fig.6 C:ﬁ—NrD relationship for A Y/Fe, B "/Mg and C O”" ions. The
stiffness N, of Y/Fe is experimentally determined from its NRXIS
spectrum, while the N,,, of "/Mg and O*~ are fitted from DFT results
using Eq. 8. All the N, and N, values are averaged among all iron/
magnesium/oxygen sites in each mineral. Source of data: "/Fe: Smyth
and Hazen (1973), Yang and Ghose (1995), Heinemann et al. (2006,
2007), Jackson et al. (2009), Dauphas et al. (2012, 2014), ¥/Mg: Cam-

temperatures, the octahedral sites in silicate minerals
usually have different Fe/Mg ratios (occupancy disorder),
which leads to a change in the electron density and hence
influences the N,,. On the other hand, SiO, tetrahedral
sites in silicate minerals are either dominantly occupied
by Si**, or sometimes shared between Si** and AI** (e.g.,
albite), which have the same amount of electrons, so their
occupancy disorder does not influence the determination
of the Debye—Waller factor. So the C;ﬁ-NrD relationship of
!VSi shows a better confined linear trend than the C'D-N,,
relationship of V/Fe and V/"Mg.

Theoretical calculations have demonstrated that the local
chemical environments (e.g., bond length, polyhedral vol-
ume and polyhedral distortion) have strong effect on the
force constants of ions in mineral (Méheut and Schauble
2014; Qin et al. 2016), and hence influence their g-factors. In
most anhydrous silicates, 0>~ is the only anion, and usually
serves as the corners of atomic polyhedra. 0>~ forms bonds
with different cations while not having a consistent local
chemical environment, so different oxygen sites in minerals
could have distinct resiliences. For example, in the orthoen-
statite sample that we measured in this study (Table 2), the
maximum and minimum N, of different oxygen sites have
an 18% difference (22.1 N/m vs. 18.7 N/m), whereas the N,
of the two silicon sites only have 1.7% difference (27.9 N/m
vs. 27.4 N/m). In crust and upper mantle minerals, Si usually
exists in the form of Si** cation and occupies SiO, tetragonal
sites. The SiO, tetragonal sites are small, and heavy elements
are usually excluded from the tetragonal sites. So in the crust
and upper mantle minerals, the Si*' cation usually has a
more consistent local chemical environment than the other
cations or anions. The consistent local chemical environment
makes /¥ Si the most suitable element to be studied by our
force constants approach.

Resilience, (N/m}

20 2 24 10 15 20 25 30 35
Resilience, (N/m)

eron et al. (1973), Smyth and Hazen (1973), Hazen (1976), Yang
and Ghose (1995), Heinemann et al. (2006, 2007), Schauble (2011),
Huang et al. (2013), Wu et al. (2015), 0% Cameron et al. (1973),
Smyth and Hazen (1973), Hazen (1976), Kihara (1990), Yang and
Ghose (1995), Heinemann et al. (2006, 2007) Nakatsuka et al. (2011),
Méheut et al. (2009); Méheut and Schauble (2014), Blanchard et al.
(2015), Wu et al. (2015), Qin et al. (2016)

Conclusions

In this manuscript, we present a new force constants
approach to constrain the equilibrium isotope fractionation
p-factor of /V'Si in the crust and upper mantle minerals. We
extract the atomic mean square displacement (1) from the
Debye—Waller factor of /VSi derived from single crystal
X-ray diffraction, and then calculate the resilience N,;, from
the temperature dependence of (1?). With the calibrated rela-
tionship between the N,;, and the C;ﬁ (Eq. 15), we calculate
the uncorrected stiffness N,,, of the /' Si in the mineral. The
N, is then corrected with the ECoN to get the N,,~. While
the correction based on ECoN is minor for most minerals,
we notice that the correction is most pronounced for pyrox-
enes (~ 2%). Ny, is then used to calculate the g-factor
(Eq. 8). One can calculate the isotope fractionation a-factor
by taking the ratio of g-factor between different minerals.
We have compared the Inag;s 5 between minerals calcu-
lated from our force constants approach with the Inag;s, g
determined from DFT calculations and mass spectrometry.
Our result is consistent with previous studies on the equilib-
rium isotope fractionation Inag;s g between olivine, albite
and pyroxenes. Our calculations suggest that cristobalite, a
-quartz and f-quartz have distinct f-factors, and studies on
the equilibrium isotope fractionation of Si that involve silica
should take into account of the different polymorphs. By
combining our calculated Inag;s/,5 and the phase diagram
of silica, we suggest that the Si isotopic equilibrium tem-
perature between cristobalite and pyroxene in lunar basalt
was underestimated by ~250 °C (Douthitt 1982), and the
pyroxene sample in IL-14 marble is in equilibrium with f
-quartz (Georg 2006). The application of the resilience-stiff-
ness calibration presented in this study should be confined
to /VSi. Generalization of the force constants approach to
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Si with different coordination numbers and other elements
will require more experimental and theoretical studies in
the future.

Supplementary Information The online version contains supplemen-
tary material available at https://doi.org/10.1007/s00410-021-01820-6.
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